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We propose a general nonperturbative scheme that quantitatively maps the low-energy sector of spin-1/2
frustrated Heisenberg antiferromagnets to effective generalized quantum dimer models. We develop the formal
lattice-independent frame and establish some important results on (i) the locality of the generated Hamilto-
nians, (ii) how full resummations can be performed in this renormalization scheme. The method is then applied
to the much debated kagome antiferromagnet for which a fully resummed effective Hamiltonian—shown to
capture the essential properties and provide deep insights on the microscopic model [D. Poilblanc, M. Mam-
brini, and D. Schwandt, Phys. Rev. B 81, 180402(R) (2010)]—is derived.
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I. INTRODUCTION

After decades of theoretical efforts, understanding the
low-energy properties of bidimensional frustrated quantum
Heisenberg antiferromagnets (QHAF) is still a notoriously
puzzling problem. In contrast to unfrustated models where
powerful paradigms have emerged to describe both the mag-
netically ordered ground state (GS) (Néel state) and the ex-
citations (magnons), a general theoretical framework is still
lacking. Not only the low-energy physics is, in general,
poorly characterized—one can have in mind the lack of con-
sensus on archetypal models such as J,-J, or kagome
antiferromagnets—but generic tools to identify the low-
energy degrees of freedom and understand their effective in-
teraction are missing.! Recent discoveries of new materials
such as herbertsmithite,” believed to be almost perfect spin-
1/2 kagome antiferromagnets, have revived the former inter-
est for bidimensional frustrated QHAF and call more than
ever for novel theoretical approaches that could provide a
quantitative understanding of these materials and their exotic
low-temperature nonmagnetic phases.'

The underlying hardness of the problem comes from the
fact that the usual theoretical frame for treating such systems
typically requires to (i) identify a well-controlled limit (clas-
sical limit, unperturbed limit,...) and then (ii) introduce
quantum fluctuations and/or corrections to this limit in a pu-
tatively perturbative way. This scheme however fails for bi-
dimensional frustrated QHAF since none of the above-
mentioned points is fulfilled: (i) because of frustration the
classical limit is highly degenerate and often not fully under-
stood, (ii) quantum fluctuations generally do not act as a
small perturbation on the classical limit. As a direct conse-
quence, the low-energy physics of these systems is charac-
terized by very exotic magnetically disordered states such as
resonating valence-bond (RVB) states,? VB crystals (VBC),*
or spin liquids.’

The aim of this paper is to build a nonperturbative
scheme allowing to derive an effective low-energy general-
ized quantum dimer model (GQDM) that captures the phys-
ics of the microscopic model. In turn, the GQDM can be
used to efficiently investigate the low-energy properties of
the microscopic Hamiltonian either by numerical techniques
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on large systems (by exact diagonalizations (EDs) or quan-
tum Monte Carlo when the GQDM has no sign problem) or
by analytical techniques such as gauge theory mapping.

Basically, the method relies on (i) the identification of a
versatile and relevant manifold of states at low energy and
(ii) the projection of the microscopic Hamiltonian in this
manifold. Such a framework, first initiated by Rokhsar and
Kivelson (RK) (Ref. 6) in a different context, has been put
here on a formal basis and greatly extended, providing a
versatile and systematic expansion scheme to deal with frus-
trated magnets.

The paper is organized as follows: in the first part we
present the derivation scheme focusing on important results
and highlighting practical implementation rules. To increase
readability, we make an extensive use of appendices in which
all technical details and demonstrations are postponed. The
second part is devoted to the application of the method to the
kagome antiferromagnet. We derive the parameter-free
GQDM Hamiltonian that has been proved to give deeper
insights to the low-energy physics of the kagome antiferro-
magnet in a companion paper.’ Then we discuss its key prop-
erties focusing on the fact that this untuned GQDM model
lies at the vicinity of several competing exotic phases, a 7,
dimer liquid and two VBC phases, shedding light on the
critical properties of the microscopic model. For complete-
ness, we provide complementary results for the kagome lat-
tice at Ref. 8.

II. EFFECTIVE HAMILTONIAN MAPPING SCHEME
A. Low-energy manifold

In the past decades numerical studies played a central role
in establishing unbiased and reliable results on bidimensional
frustrated QHAF.! More precisely, EDs of the Heisenberg
Hamiltonian on finite and generally small clusters were able
to provide precise insights on these problems. Other numeri-
cal methods, such as quantum Monte Carlo (QMC) or
density-matrix renormalization group (DMRG), have proven
their relative inadequacy to treat such systems and failed to
be generalized for reasons that appear more and more to be
fundamental rather than purely technical.
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Based on ED results, two salient facts can be retained to
draw a phenomenological low-energy picture: bidimensional
frustrated QHAF (i) remain magnetically disordered at zero
temperature (i.e., the zero-temperature spin-spin correlation

function <§i.§j> does not display long-range antiferromag-
netic order), (ii) do not break the SU(2) symmetry, the

ground state, and low-lying excitations are singlets (i.e.,

eigenstates of the total spin S with a zero eigenvalue).
Singlet states are intimately related to VB states, namely,
products over pairs of spins of arbitrary range SU(2) singlet
wave functions [also called SU(2) dimers in the following].
Indeed, any singlet state can be expressed as a linear super-
position of VB states.”!? It is therefore tempting to build a
low-energy singlet theory by representing the original spin
Hamiltonian in the VB basis rather than using spin variables.
However, the set of all VB states is massively overcomplete,
as the number of VB states is much larger than the number of
singlets. This originates from the fact that in the VB repre-
sentation dimers are allowed to connect arbitrarily distant
sites. On the other hand, Liang er al.,'' showed that a deep
connection exists between the spin correlation length of a
singlet wave function and its bond-length distribution: a fi-

nite correlation length for <§,~.§ ;) can only be obtained for a
sufficiently fast decay with dimer length of dimer amplitudes
in the wave function.

This strongly suggests that a versatile framework for de-
scribing the magnetically disordered low-energy manifold of
bidimensional frustrated QHAF can be obtained by consid-
ering only the restriction of the VB states to short-range or
nearest-neighbor VB (NNVB) states. The precise numerical
check of this statement as well as the ability of the NNVB set
of states to capture the low-energy physics of bidimensional
frustrated QHAF has been performed in previous work in the
case of the J,-J,-J; model on a square lattice'?> and for the
kagome antiferromagnet.'>'# At this point, it is important to
emphasize that such a direct evaluation of the quality of this
approximation is an essential step of the method. Indeed, the
projection approximation and the analytical scheme pre-
sented in the following sections are distinct issues as the
latter does not provide built-in control on the validity of the
former.

As a concluding remark let us mention that, contrary to
the unrestricted VB set of states, the NNVB states are lin-
early independent for most low-connectivity lattices. This
can be numerically checked for reasonably large systems on
the square, triangular, and kagome lattices,'> and has been
recently proved for the kagome lattice.'® However, as the
number of NNRVB states on those lattices is smaller than the
total number of singlets, it is clear that this restriction further
reduces the singlet Hilbert space which is a key advantage
for numerical computations.

B. Effective Hamiltonian

For convenience, most of the illustrations provided in this
section are represented using the kagome lattice. However,
the formalism is general and all technical details, provided in
Appendices A and H and to which we extensively refer, use
a lattice-independent formulation.
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FIG. 1. (Color online) Overlap {¢|#) between two VB wave
functions |¢) and |#). The amplitude of {(¢|) is driven by the
number of loops appearing in the overlap graph (bottom frame).

1. Linear algebra problem

Nonorthogonality. A crucial property of VB states is their
nonorthogonality: for any |¢) and |4}, the scalar product
(@| 1) is always nonzero and, as recalled in Appendix A,

(gly) = o 2ted), (1

where N is the number of sites of the system and n,(¢, ) is
the number of loops in the overlap graph (see Fig. 1). In the
general case, the overlap (¢| ) is a signed quantity. This is a
direct consequence of the SU(2) dimer wave-function anti-
symmetry which requires in turn to specify a conventional
orientation of lattice bonds.

When restricting to NNVB states, this choice is con-
strained by the nature of the lattice. The bosonic convention
requires a prescription of bond orientations and hence is
more adapted to bipartite lattices. On the other hand, the
fermionic convention, being free of any dimer ordering, is
convenient for nonbipartite lattices (see Appendix A). Using
the fermionic convention (for arbitrary lattices) or the
bosonic convention on bipartite lattices allow to absorb the
sign of (¢|¢) in the single parameter a by taking a;,= 1/\2
(respectively, ay=i/\ D).

Dual basis. When working with a nonorthogonal basis
{|)} as the NNVB states, it is generally useful to introduce
its dual basis {|#*)}, such that

<<P*|l/f> = 54;,1//- (2)

Of course, both span the same space, but the dual states are
clearly not VB states, as the overlap between VB states is
always nonzero. As we want to work with the NNVB basis,
one can then further introduce the operator

3)

that transforms the dual states into NNVB states: @|¢*)
=|¢). This operator always exists and it maps any state to a
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FIG. 2. (Color online) Application of P,=2§,.S ;+1/2 on a loop
diagram {¢| ) for the three types of bonds /=(i,;) (dashed lines)
described in the text: (a) “internal odd,” (b) “external,” and (c)
“internal even.” The state |¢) (respectively, |¢)) is represented with
blue thick (respectively, red thin) bonds. Note that P; is applied on

). Figures nearby the diagrams are the ratios (@|P)|)/{¢|)
(bold) and s‘P"’ (¢lS;.S; (el ) (italic).

state in the NNVB subspace. If the NNVB states are linearly
independent, which is equlvalent to saying that they form a

basis or that the determinant of O does not vanish, then O is
invertible within the NNVB subspace. Its inverse is given by

0= ¥y (4)
X

and transforms the NNVB states back to the dual states, and
thus the dual states are only defined if O exists. In this case
that  (@|O~'|¢h)=(¢* )= and {|y")}
={O72|y»} is easily seen to be an orthonormal basis.®

In order to calculate matrix elements in a nonorthogonal
basis, one may define

it follows

Agy= (@Al = (| O~ Al ). (5)

Setting H=0OH,;, we find
Opu={el®), (6)
Hey= <‘P|7:{H| ). (7)

O,y 1s called overlap matrix and the Heisenberg Hamil-
tonian for bidimensional frustrated QHAF in its general form
is given by

ﬂH:ZJi,j§i~Sj- (8)

Matrix elements. The matrix elements H,, , can be obtained
from the overlap matrix elements O, straightforwardly,
generalizing Ref. 17. It can be shown that

(el Hulpy = EJ,, el |y, )

where s“’j‘” can be derived from the overlap graph. The de-

tails are provided in the Appendix A, and following the no-
tations of Fig. 2, three cases occur.
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(a) i and j are two sites lying at an odd distance on the
same loop in the overlap graph of |@) and [¢) and &f; W=
-3/4

(b) i and j are on two distinct loops in the overlap graph
of [¢) and |¢) and £f;"=0

(c) i and j are two sites lying at an even distance on the
same loop in the overlap graph of |@) and [¢) and &f; W=
+3/4.

In the case where J; ; is uniform for nearest-neighbor pairs
(i,j) of sites i and j, We introduce the nearest-neighbor cou-
pling J,=J; j,. Denoting the number and net length of all
nontrivial loops by N, , and L, . respectively, the number
of trivial (i.e., length-2) loops is given by

L
l,l‘: (p’w. (10)

nl(‘P’ l/f) _N 2

For convenience we will shift away all contributions from
trivial loops and rescale the Hamiltonian by a factor 4/3, and

thus from now on we replace 7:lH by (4/3)7:lH+J1N/2.
In this new convention we have ¢; ;€ {~1,0,+1} and

(11)

where splitting the sum in Eq. (9) into two sums over trivial
and nontrivial loops, respectively, yields

L
h(p,t/l:Jl (’D’w‘l‘ 2

2 (i,j) € nontrivial

Hoy=hgyOgy:

e
‘Ii,jgi,j .

(12)

loops

Because the overlap diagram of two identical configurations
contains only trivial loops, Eq. (12) directly implies £, ,=0.

Effective Hamiltonian. Having introduced the NNVB ba-
sis {[)}, the overlap matrix O, , and the matrix H, ;. we

can now diagonalize the Heisenberg Hamiltonian 7:(11 pro-
jected onto the singlet subspace spanned by the NNVB
states. This could, in principle, be done in the NNVB basis

directly, i.e., diagonalizing the matrix (HH)¢,¢, (@* |yl ).
But as we do not want to calculate the dual basis {|* >} this
might not be the most practicable way. Traditionally® one

(=10}

chooses the orthonormal  basis
={O"2|y*)} and diagonalizes the matrix

(Hi) gt gt = (@ OV HO ) = (Heg) gy (13)

where

ﬂeff — @1/27:[11@—1/2 = O 12RO, (14)
Note that on the one hand side ﬂeﬂ is expressed in terms of
the matrices O(P " and H¢ o which are both symmetric and
easily calculated in terms of the loop structure formed by the

NNVB states. On the other hand side Heff arises from the

Heisenberg Hamiltonian 7:(H by a similarity transformation
and therefore both operators are equivalent. However, work-

ing with ﬂeff rather than with 7:[;, allows for using the non-
orthogonal NNVB basis without any explicit knowledge of
its dual basis, which is the aim of this transformation.
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In the original scheme®'® the dual basis was omitted but

the definition of the effective Hamiltonian is the same in
terms of O and 7:{ In order to achieve this, one had to intro-
duce some generalized eigenvalue problem, however missing
the fact that 7:( and 7:[H are indeed distinct operators (i.e., 7:l
is not the Heisenberg Hamiltonian). Furthermore, one had to
interpret the missing % in (¢*|)=3,, , as emergence of so-
called hard-core (or quantum) dimers.®”'31% In contrast, the
dual basis offers a quite natural framework to clarify the
relations between the SU(2) (nonorthogonal) VB basis and
the quantum dimer (orthogonal) basis.

2. Operators expansion and fusions

Diagrams. In order to explicitly calculate the effective
Hamiltonian ﬂeff, we need to write down all terms in O
and H. Noticing that the identity operator is given by
=3 [

, we can express the overlap operator as

O=01=2 |pXe|lX |

Q.

(15a)

=, alerNeu| )y, (15b)
o

where Egs. (1) and (10) have been used. As the amplitude
O, (as well as h,, ;) only depends on the nontrivial loops, it
is rather instructive to replace the flipping process |¢){(i*| by
a diagram that visually describes the underlying resonating
loop structure. For example, considering the two possible
dimer coverings around a hexagon, the resulting process is

(16a)

* *

Yy O Sly 6 ALy 6 Sy v Al

(16b)
where all other loops are trivial and hence omitted in the
diagrammatic representation. Note that this type of diagrams,
represented in the right-hand side (rhs) of Eq. (16a), actually
stands for the sum of all flipping processes with the same
amplitude and the same geometrical shape, i.e., all rigid mo-
tions of the diagram on the lattice are represented by one
diagram. Furthermore, diagrams are symmetric, that is, both
processes |@)(i*| and |){¢*| are in the same diagram. In
other words we have

(6,0)" = 3,0, (17)

which we will use as determining condition for a process to
be representable in a diagram.

Expansion. As O and ‘H are closely related by Eq. (11), a
simple inspection of Eq. (1) suggests to derive the effective
Hamiltonian defined in Eq. (14) as an expansion order by
order in a. Whereas usually®'® one was to work out the
overlap matrix in terms of the net length £ , of the overlap
graphs, we will here consider the full exponent, i.e., addi-
tionally consider the number N, , of loops. Therefore, we
will denote the order of a graph by 2n(g) with
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TABLE 1. Order 2n(g) of a graph, compared to the loop length
(Ref. 6) and the number of enclosed hexagons (Ref. 18), which
were defined as order in previous works. Note that the different
expansion schemes lead to the very same processes but these do not
appear at the same orders. Nevertheless, in our procedure, the lead-
ing order for a given loop of size £L=2p (p is an integer) in the ’Heff
expansion is £-2 (i.e., it scales linearly with the loop length). The
last column illustrates the degrees of these graphs as defined in
Appendix B.

Processes Order | Loop length | Hexagon | Degree
N 2n(g) L number | dg(g)
@4 4 6 i 1
ﬁ 10 12 2 1
n(g) =Ly )2 =Ny (18)

which is clearly a non-negative integer. As an example,
the order of the process described by Eq. (16) is 2n(g;)
=2(6/2-1)=4.

Then we rewrite Eq. (15) as

O=2 a5, (19)
8

Table I compares different possible definitions of orders and
clearly shows that the set of terms selected by truncating the
expansion is strongly dependent of this choice. However, our
definition might seem more natural as it actually corresponds
to the hierarchy of occurring amplitudes in O. More impor-
tantly, as shown in Sec. II B 3, this choice guarantees (i) the

locality of H.g (i.e., nonconnected processes, such as

(OO o LONY )

appearing in H actually disappear in ﬂeff at all orders) and
(ii) the possibility of resumming all order contributions for a
given graph.
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Using Egs. (3) and (9) one can express the Hamiltonian as

=2 o)X Hul )| (20a)
@,
=2 g O gl X (20b)
Q.
or, similarly as Eq. (19),
H=2 " Oh,d,, (1)

8

where h,=h, , for the corresponding overlap graph.
The expression O~"*HO~12 requires evaluating a nonin-
teger power of O, which can be done using

©

R I'a+q

T

TE T+ 7T +k)

(O -1k, (22)

However, this still requires calculating integer powers of O
and thus it is necessary to look at products of diagrams.

Using Eq. (17) for & O and @0, it is easy to check that
(@,@,0)"=@,@,0. Therefore a simple product @@, of dia-
grams does not fulfill Eq. (17) and hence cannot be repre-
sented as a diagram. On the contrary, the symmetrized form

1
oy = (.} (23)
obviously verifies Eq. (17) and can be represented as a graph.

Fusions. The issue of generating graphs out of symme-
trized products of graphs is called fusion of diagrams. These
fusion rules can be derived straightforwardly, by using the
definition of the participating processes, such as Eq. (16). In
a first step, one will only derive fusions of terms appearing in
the expansions of the Hamiltonian [Eq. (21)] and in the over-
lap matrix [Eq. (19)]. These processes are always flipping a
dimer configuration on the boundary of the representing dia-
gram and are therefore called kinetic (or off-diagonal) terms.
But generally, a fusion can create processes which do not
appear in the overlap matrix nor in the Hamiltonian. How-
ever, Eq. (23) guarantees, that there is a diagrammatic repre-
sentation for every of such fused diagrams.

AL L) =T +2 O 240
L 5} = [+ O
(24b)
A& LT} L+ 6T
(24c¢)
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The first example, see Eq. (24a), shows that the fusion of two
identical kinetic diagrams always involves the emergence of
potential (or diagonal) terms that are drawn with a yellow
shape (gray in print) throughout the paper. This kind of terms
arises when a flipping process is acting twice at exactly the
same position. Although a repeated flip leaves the dimer con-
figuration unchanged on the plaquette, it is important to em-
phasize that it is not identical to the identity operator as it is
actually checked whether the plaquette is flippable or not.
Indeed, applying a flipping process to a nonflippable
plaquette annihilates the state. This can also be seen from the
fact that contributions of potential terms can be expressed as
|¢){¢*| and as an example on a hexagon we have

(25a)

25b
Furthermore, the fusion of diagrams always generates( dis2
connected diagrams, where the flipping or checking pro-
cesses are simply happening at distant positions [e.g., last
terms on the rhs of Eq. (24)]. Notice, that due to combina-
torics the prefactor is not the same in the case when identical
or different diagrams are fusing.

Equations (24b) and (24c) illustrate, that when both ki-
netic or potential processes are happening close to each other
(i.e., sharing at least one bond), the resulting diagrams gen-
erally look more complicated. A typical merging of two
loops into one larger loop is displayed by Eq. (24b). Further-
more, more unusual assisted kinetic processes where the
plaquette flipping requires the presence of specific trivial
loops in the neighborhood of the plaquette, see Eq. (24c),
also emerge from the fusion rules. Notice that the kinetic and
potential processes are identical on trivial loops and corre-
spond to verifying the presence of dimers at a specific posi-
tion.

While the details of the fusions rules are lattice-specific,
the key properties of fusions for the derivation of an effective
Hamiltonian are actually quite general. In Appendix E, we
introduce a general lattice-independent diagrammatic notation
in which each connected part of a (disconnected) diagram
(@) (@)...(@)) is generically represented as (®@). General
fusion rules (see Appendix F) produce new connected terms
by connecting two or more connected parts. Such terms are
generically represented as (@-@) (fusion of two connected
parts). For example, all the rules given in Eqs. (24) lie in the
generic class of rules,

(@) x (@) = (@-@)) + (@ @)). (26)

Note that the notation (.) defined in Appendix E, conve-
niently absorbs all combinatorial prefactors. Fusing more

connected parts leads to diagrams such as (( A )) or
((@@-@)) (fusions of three connected parts). Let us remark
that while both terms are connected, these two terms are in-

equivalent since in the latter case the first and third part do not
fuse.
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Provided these general fusion rules, one can work out the
effective Hamiltonian 7:[eff in a systematic way. It is impor-

tant to note that O and H do not contain any potential term.
They only emerge by fusing kinetic processes. On the other

hand, O and ﬂ contain disconnected kinetic terms and when
fusing diagrams we always generate those nonlocal pro-
cesses as well. Such a nonlocality would be physically in-

consistent in the resulting effective Hamiltonian ﬂeff
=O""2HO2, However, all the nonlocal terms disappear

while deriving 7:(eff and thus the effective Hamiltonian is
local as the initial Heisenberg Hamiltonian. As this property,
proofed in the next section, is valid at all orders in «, this
holds for the exact all-order resumed effective Hamiltonian

as well as for any truncated ﬂeff.

3. Proof of locality and resummation scheme
Locality. Comparing Egs. (19) and (21), the only differ-

ence between O and H is the additional weight h, for the
Hamiltonian. Therefore it is convenient to define a generat-

ing function Z(a,,B , i) [defined in Eq. (B4) in Appendix B],
such that both @ and H can be obtained from it by

H=0,21~°, (27a)
B=1

O=7*, (27b)
B=1

where B and u are some internal parameters (for details see

Appendix B). Therefore, ﬂeﬁc can be recast as

o = 70,2272, (28)
-
B=1

After some standard operator manipulations (see Appendix
C), one can show, that the last equation is equivalent to
. 51 ((Inz)>
Hetr = 2 PE i
=0 pmo 27 (2p + 1)!
B=1

InZ (29)

involving only iterated commutators of In Z on d, In Z.
Now, supposing that In Z only contains connected terms,

it is clear that this cannot be different in d, In 7. Moreover,
the commutator of two connected diagrams cannot be dis-
connected: (i) either the two diagrams act on disconnected
plaquettes, and hence commute, (ii) or they lie on neighbor-
ing plaquettes (i.e., sharing at least one bond) and, according
to the concept of fusion introduced in the previous section,
they fuse to a single connected diagram. This can also be
shown easily using [A,[A,B]]={B.{A,A}}-{A,{A,B}} and
the diagrammatic scheme in Appendix E.

It turns out, that InZ indeed only contains connected
terms, which is an important result both from a conceptual

and aesthetic points of view: it shows that ﬂeff is local and
therefore provides firm grounds to the consistency of the
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method. Conversely, producing an effective Hamiltonian
with nonlocal terms would put the whole scheme into ques-
tion.

The quite technical demonstration of this point is split in
several Appendices D and G. Let us sketch the various steps
of the proof: (1) we establish a linked cluster theorem, i.e.,
express the logarithm of the generating function as sum of
cumulants (see Appendix D). (2) We set up a lattice-
independent diagrammatic notation (Appendix E) and work
out general fusion rules (Appendix F). (3) Using these rules,
we establish Eq. (G9) showing that every cumulant can be
re-expressed as a combination of lower-order cumulants.
This allows finally to show by mathematical induction that

cumulants represent connected processes and therefore In Z
does not contain nonconnected terms (see Appendix G). As
we will see, this generating function formalism is not only
useful to establish the locality of the effective Hamiltonian
but provides also a practical framework to resum the series in

a, giving the amplitudes of dominant terms in 7:(eff.

Fully connected diagrams. A special class of connected
diagrams, called fully connected diagrams is produced by
complete fusion of all parts (i.e., every diagram is connected
to every other diagram by sharing at least one bond). In the
lattice-independent diagrammatic representation, we denote
such diagrams as

These diagrams are very important for two reasons.

(1) This class of diagrams includes the most compact
terms (i.e., involving short loops) of the effective Hamil-
tonian that are obtained by fusing identically shaped dia-
grams exactly at the same place [e.g., the first term in the rhs
of Eq. (24a)]. These processes are also the dominant terms in

the a expansion of ﬂeff. Indeed, the leading order for a
length-£ connected process in Ho=O"2HO1? is of2.

(2) Their exact weight in In 7 is particularly simple to
obtain, as explained in Appendix H and,

+ less connected terms. (30)

Elementary diagrams and resummation. We define the el-
ementary diagrams as the set of processes (kinetic or poten-
tial) that cannot be cut into two subprocesses. For example,

(O s [
(31
are elementary while
(32)
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is not since it can be cut into the two parts of Eq. (31).
Obviously, all elementary graphs appear as fully connected
graphs in In Z: for example, @, given by Eq. (25) is a full
connection of c?)gl, see Eq. (16), with itself. Notice that there
exist fully connected terms that are not elementary [e.g., Eq.
(32) is a full connection of Eq. (31), but is not elementary].

Generic elementary kinetic and potential diagrams will be
represented, respectively, as,

and .

Fusion rules of elementary diagrams, of which Eq. (24a) is a
typical example, can be compactly written as

(33)

{BE}-E-+2 (342)
OGO =0+ 0@ 6
% {’ } al O ' (34c)

In order to compute the full weight of elementary diagrams

in In Z, we need to track all occurrences of these terms in Eq.
(30). High-order contractions of these processes are typically
given by iterating Eq. (34). But obviously, the last (discon-
nected) terms of Eq. (34) cannot produce fully connected
terms by further iterations. As a consequence, the evaluation

of InZ only requires the simple reduced rule,

. for odd n,
-
for even n.

Since a length-£ elementary process with weight 4 in the

(35)

expansion of H occurs at order a2, its contribution to the

generating function is

Z:...+ﬁa£*2e“h+.... (36)
Using Eq. (30), the relevant contribution to In Z is
an _ Z ﬂm m(L 2) muh +
m2>1 (37)
which is easily evaluated, using Eq. (35), as
5 1, 14 paF2erh
1 2 2(L—2) 2uh
—|—§ln(1—ﬁa( )e”)—{—....
(38)

Evaluating ﬂeff is done using Eq. (29) which requires in turn

to compute d,, In Z and all its iterated commutators with In Z.

But since, by definition, elementary diagrams cannot be pro-
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duced by fusing smaller diagrams, the only relevant terms to

the amplitude of Eq. (33) in H produced by orders p >0 in
Eq. (29) are (i) commutators of an elementary diagram with
itself at the same place or (ii) commutators of two elemen-
tary diagrams acting on disconnected places. Obviously such
contributions vanish identically. As a direct consequence,
only order p=0 of Eq. (29) contribute to the amplitude of

elementary diagrams in 7:(eff. In other words, for any elemen-
tary process

”:(eff = 1”7# In 2
=0
B=1

(39)

It is then straightforward, using Eq. (38), to evaluate the
contribution of elementary diagrams to 'Heff,

L—2

ﬂeff:~-~+h%

a2(£-2)

1 — a2(£-2) +

where L is the length (see Table I) of the elementary (Ki-
netic) diagram and £ its “bare” energy as appearing in the

(40)

expansion of H, given in Eq. (21).

III. GENERALIZED QUANTUM DIMER MODEL
FOR THE KAGOME ANTIFERROMAGNET

In this section we will apply our scheme to the kagome
lattice and consider the nearest-neighbor coupling J;=J>0
only. First, we make a brief review of the current understand-
ing of this model.

A. Current status

The properties of the QHAF on the kagome lattice have
been actively explored for the last two decades by analytical
and numerical techniques. Although a number of important
results have been obtained, the nature of the ground state is
still a mystery. Lanczos ED of small clusters?®?! have clearly
revealed an exponentially large number (with respect to sys-
tem size) of singlets below the first triplet excitation (spin
gap), a fact reminiscent of the NNVB basis.!>??> The acces-
sible cluster sizes remain however too small to definitely
conclude whether the spin gap survives in the thermody-
namic limit.?*> Recent DMRG studies®* seem however to sup-
port it.

A number of studies have also been devoted more pre-
cisely to the nature of the ground state itself. For example, an
early ED analysis of the four-spin correlations (i.e., dimer-
dimer) first pointed toward a short-range dimer liquid
phase.? Alternatively, translation-symmetry breaking VBC,
two-dimensional analogs of the Majumdar-Gosh?® dimerized
chain, have been proposed on the basis of various other ap-
proaches such as large-N SU(N) techniques*?’ and mappings
to low-energy effective Hamiltonians within the singlet
subspace.” " Recent series expansions around the dimer
limit3! showed that a 36-site unit cell (i.e., a 243 X213 su-
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TABLE II. Expansion of X=0-1 (or O excluding order 0) and
H up to order 2n(g)=10.

“ Processes I(’jlﬂ/J “ Processes I o | H/J “
O a*| -3t O YD a'? | —5at

o8| _6a? @ 10| 10
47 Bl —af 10 | —4010

percell of up triangles) VBC would be preferred in agree-
ment with Refs. 27 and 30. However, the interpretation of the
ED low-energy singlet spectrum?? on the 36-site periodic
cluster remains problematic not showing the expected
quasidegenerate VBC ground states. Therefore, it has been
proposed?? that the Heisenberg model might be within (or in
the close vicinity of) a spin-liquid phase such as the alge-
braic spin liquid.> We now turn to the application of our
procedure which offers a new versatile scheme to investigate
nonmagnetic singlet phases as VBC.

B. Expansion

Leading orders. Table II shows all the contributing terms
in O and H up to order 2n(g)=10. Of course, as O, =1 and
H, =0, the identity process 1, which only contains trivial
loops, appears with order 2n(g)=0 in O but does not con-
tribute to 7. Therefore, we define (A9=1A+5c', where X is a
short-hand notation for all processes in 0, except the iden-
tity.

Using Eq. (22) the effective Hamiltonian Hg
=O""2HO 12 can be written as

. PO RSP 1~ - & 1 ~ . .
Her=H - E{X’H} + g{X,{X,H}} + g{H,{X, A}
+terms with at least three anticommutators. (41)

Thus we can immediately see, that all elementary Kinetic
processes have, at the lowest order, the same weight in H

PHYSICAL REVIEW B 81, 214413 (2010)

TABLE III. (Color online) Elementary processes in H, at lead-
ing order (LO—see text for explanation) and fully resummed series
[c—see Eq. (40)].

Processes Her/J Processes Heir/J

LO 00 LOI 5
L |-t |- | o ||
@ 3@8 % g —a® _1—11216
L ||| fY || e
@ 201 | P ZCK 0o o

and in Hegy (compare Table II with Table III). Additionally
considering the second term in Eq. (41), one can confirm the

amplitude of

to be 0—(a*)(=3Ja*)=3Ja®. Here, the first term is due to the

fact that 7 does not contain any potential graph (see Table
IIT), whereas the second term illustrates the fusion of kinetic

diagrams in X and H to potential ones [see Eq. (24a)]. Simi-
larly, it is easy to see that the amplitude of

cancels out to (—6Ja®)—-2(a*)(-3Ja*)=0, which is a direct
verification of the general property proved in Sec. II B 3 stat-
ing that disconnected graphs do not contribute to the effec-
tive Hamiltonian at any order. The leading orders of all the
diagrams presented in Table III can be obtained conveniently
using a direct evaluation based on Eq. (41).

Higher orders. Diagrams with larger leading orders (typi-
cally enclosing several hexagons) as well has further renor-
malizing corrections to low leading order diagrams are more
problematic to obtain using simple arguments. Nevertheless,
the calculation can be systematically extended to signifi-
cantly higher orders using the expansion scheme presented in

214413-8
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Sec. I B 2. Up to the chosen order, this requires (i) the enu-

meration of all terms appearing in H, (ii) a careful enumera-
tion of fusion rules that proliferate as the order increases, (iii)

the expansion of O12, and (iv) the evaluation of

O~ Y2HO12, Note that the two last steps explicitly require
using the fusion rules obtained in step (ii). The details and
results of such a procedure up to order a'* are too lengthy to
be presented in this paper and are therefore provided as
supplementary material at Ref. 8 in which we include all the
relevant fusion rules up to order a'* as well as extensions of
Tables II and III.

PHYSICAL REVIEW B 81, 214413 (2010)

C. Resummation

A simple inspection of Table III reveals that all the lead-
ing processes in the effective Hamiltonian are elementary
diagrams in the sense defined in Sec. II B 3. Indeed, none of
the terms enclosing only one hexagon can be split in subpro-
cesses. This important remark shows that the resummation
scheme of elementary diagrams presented above applies di-
rectly. In particular, Eq. (40) immediately leads to the re-
summed amplitudes of the effective Hamiltonian presented

in Table III. The explicit form of ’I:{eff is obtained by setting
a=i/2 which leads to

D. Discussion

General remarks. Note that the kinetic part of this
Hamiltonian33* is quite close to the one originally proposed
by Zeng and Elser'® with only small differences in the mag-
nitudes of the processes, differences introduced by our
infinite-order resummation scheme. This provides strong evi-
dence that the expansion indeed converges rapidly. However,
very importantly, our Hamiltonian includes also diagonal
(i.e., potential) terms which turn out to play a major role but
which were not included in Eq. (7) of Ref. 18 based on a
different expansion scheme.’® Indeed, the low-energy gap
presented in Fig. 3 in Ref. 18, whose magnitude is approxi-
mately 36X 0.0055J=J/5, splits two sectors with 2 and 1
flippable hexagon(s), respectively (see Fig. 4 in the same
reference). Interestingly, the value J/5 is precisely the am-
plitude of the potential term disadvantaging flippable hexa-
gons present in the effective Hamiltonian (42). This strongly
suggests that this gap, known to be absent from the exact
spectrum of the Heisenberg Hamiltonian,? is an artifact pro-
duced by truncating the expansion. As already mentioned
(see Sec. IB2 and Table I) the traditional expansion
scheme,®!® by modifying the hierarchy of terms in the ex-
pansion, as a tendency to push away to higher orders in « the
emergence of processes in the effective Hamiltonian. On the
contrary, including such a potential term is likely to close
this gap and brings the Hamiltonian given in Eq. (42) closer
to the actual gapless low-energy phenomenology of the
kagome antiferromagnet.

Another important remark is that the amplitude of the
kinetic (and potential) pinwheel process,

@

denoted J;, below, exactly vanishes at all orders. As dis-
cussed below including a finite J;, in the model lifts a very
special degeneracy of the ground-state (GS) manifold.

Large scale numerical computation. In contrast to the
case of the frustrated square lattice,3” for the kagome lattice
we obtain an effective model whose leading coefficients have
alternating signs precluding any stochastic approach. How-
ever, Lanczos exact diagonalizations can be preformed on
relatively large clusters’ due to the very constrained nature of
the dimer basis that greatly limits the number of states
[27V3+1 compared to 2V for SU(2) spin-1/2 models]. Further-
more, group theory techniques can be applied to block diag-
onalize the Hamiltonian matrix in each of its irreducible rep-
resentations (IRREP) hence further reducing the practical
number of degrees of freedom. For example, for the most
interesting clusters with N=3n? or 9m? sites (which possess
all relevant space-group symmetries of the infinite lattice)
such as the 36-, 48-, 108-, and 144-sites clusters, the increas-
ing Hilbert space sizes of their smallest (largest) IRREP are
roughly on the order of 15 (170), 70 (2x10%), 80X 10°
(950 % 10), and 200X 10° (3 X 10'?), respectively. Hence,
current supercomputers enable to tackle the 108-sites cluster
while the larger 144-site cluster might be reachable within a
few decades.
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VBC 36-site
“even”

A Ji2

VBC 36-site
3 ()dd”

FIG. 3. (Color online). Semiquantitative phase diagram of the
extended GQDM for the kagome lattice as a function of the pin-
wheel resonance amplitude J;, and the parameter 7y [see Eq. (43)].
The two dashed blue lines represent (i) an interpolation N+ (1
—X)ﬂRK between the RK model and the effective model for the
Heisenberg quantum antiferromagnet and (ii) a cut at y=1 along
J12, and correspond to the simulations performed in Ref. 7. Red
lines are qualitative phase transitions. Note that for y>0.9, a finite
J1» lifts the degeneracy between two VBC’s with identical 36-site
unit cells but opposite parities P+ of their resonating pinwheels
(yellow stars).

Model properties. The numerical results for the Hamil-
tonian given in Eq. (42) presented in Ref. 7 (corresponding
in fact to an earlier extremely close 14th order estimation of
the model) have been summarized in the phase diagram of
Fig. 3. Here, we have introduced two extra parameters; (i) A
to interpolate (linearly) between the “Heisenberg point” [see
Eq. (42)] at A=1 and the “RK point” of Ref. 38 (denoted
7:lRK below) at A=0. (ii) A finite pinwheel amplitude J,,.
This double interpolation can be summarized in the two-
parameter Hamiltonian

Hinterp. (7, J12) = YHett + (1 — V) Hrx
1
+ (J12+1(7—1)> )

(43)

where J=1 and the RK Hamiltonian has been defined in Ref.
38 with ['=-1/4.33

In agreement with series expansions’' and -earlier
work?”30 on the QHAF, the GS of our corresponding ef-
fective model [see Eq. (42)] is found to be a VBC with a
2\3 X243 supercell of up triangles (carrying 36 sites)
whose underlying dimerization pattern corresponds to an
honeycomb-lattice arrangement of the resonating ‘“‘perfect”

31
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hexagons (colored in blue in Fig. 3). Because J,,=0, the
Heisenberg effective model given in Eq. (42) is also charac-
terized by a degeneracy of the even and odd resonating pin-
wheels of the motive (colored in yellow in Fig. 3). As
pointed out in Ref. 31 this leads to an extra Ising-type de-
generacy. Remarkably, the numerical results show also that
the “Heisenberg point” lies very close to the critical line
which separate the VBC phase from an extended dimer lig-
uid phase similar to the one at the “RK point.” Interestingly,
a general field-theoretic framework® based on a double
Chern-Simons theory correctly describes such a quantum
critical point: one considers the spectrum of visons (i.e., to-
pological defects) in the dimer (so-called 7,) liquid phase,
and studies how they condense, the condensation of visons
leads to VBC order. Our approach applied to the kagome
lattice as well as other numerical studies of a generic QDM
on the triangular lattice*” strongly support such a scenario.
Even though the 7, phase has no broken symmetry, it does
have a topological order. In principle, the topological order
can coexist with the VBC, and so their disappearance at a
common critical point without fine tuning, can be considered
as a non-Landau-Ginzburg-Wilson transition.*!

IV. CONCLUDING REMARKS

In summary, a systematic nonperturbative method has
been developed to describe quantitatively the low-energy
physics of frustrated QHAF. Provided that the latter is gov-
erned by fluctuations of (short-range) singlets (which is be-
lieved to happen in many cases), this method is fairly general
and can be applied, in principle, to any lattice geometry. The
low-energy effective model takes the form of a generalized
quantum dimer model which is proven to be local, a physical
requirement. Complete practical formalism is presented as
well as other important general results. It is also shown that
the expansion scheme can be pursued up to high orders and
the most relevant terms can be resummed.

As a practical implementation of the method, we have
considered the much debated kagome QHAF where a fully
resummed parameter-free GQDM can be obtained. Although,
the resulting model bears a sign problem (e.g., could not be
simulated by QMC techniques), ED results up to clusters
with 108 sites can be performed’ showing strong evidence in
favor of a large supercell VBC. Also, it turns out that, in
some extended parameter space, the effective model of the
kagome antiferromagnet lies in the close vicinity of a critical
line toward a topological quantum dimer liquid phase, some-
how clarifying the low-energy puzzle of the original spin
model. Let us recall that a similar approach has also been
applied to the frustrated square lattice.3” This shows that ef-
fective GQDM can efficiently describe the most frustrated
quantum magnets and greatly help to understand their prop-
erties on larger (smaller) length (energy) scales compared,
e.g., to standard ED techniques. It could be used also in three
dimensions to tackle the quantum antiferromagnet, e.g., on
the hyper-kagome lattice.

A number of Hamiltonian extensions could easily be in-
cluded in the following approach like (i) other SU(2)-
invariant terms as multiple exchange or longer-range ex-
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change interactions,*> (ii) doping with static or mobile
holes,® and (iii) the inclusion of spinons** and triplets. In the
case of the kagome lattice, it is important whether small
non-SU(2) terms like Dzyaloshinski-Moriya interaction
could also be inserted in a realistic way. All these issues are
left for future studies.
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APPENDIX A: DIMERS, OVERLAPS,
AND SIGN CONVENTIONS

In this appendix we recall some of the most important
basic properties of VB states and two orientation conventions
that are suitable for the derivation scheme proposed in this
paper, respectively, for bipartite and nonbipartite lattices.

Overlaps. Let us consider a VB wave function,

N2
o) =1 [ig.jil. (A1)
k=1
where
1
[i.j]= T(Hilj) ) (A2)
V2

is the SU(2) dimer wave function on sites i and j. Clearly,
this dimer is antisymmetric with respect to the permutation
of i and j, which makes it necessary to use arrows in the
graphical representation (see Fig. 1), in order to distinguish
between all the 2V possible orientations of a dimer cover-
ing. In the following lines, we emphasize two particularly
useful orientation conventions. This allows to omit arrows on
the dimers, provided we give a recipe to keep track of the
relative signs of the VB states given by Eq. (Al). Two arbi-
trary VB states |¢) and i) are nonorthogonal and

(lwh) = e, p)2nlehN2,

where n; is the number of loops in the overlap diagram (see
Fig. 1) and 7(e, ) is a sign that depends on the chosen
convention for orientating SU(2) dimers.

The question of orientating dimers in order to fix the form
of 7, is determined in turn by two parameters: (i) the na-
ture (bipartite or nonbipartite) of the lattice on which the
dimers are constructed and (ii) the constraints one puts on
the type of dimers considered (arbitrary long-range dimers,
arbitrary long-range dimers with a bipartite constraint,
nearest-neighbor dimers,...). In the perspective of perform-
ing an expansion of the overlap matrix as powers of a small
parameter it is essential to choose conventions where the
sign in the power law of Eq. (A3) can be systematically
absorbed,

(A3)

(@l = oN-2mileh), (A4)

The only two possible conventions denoted b (bosonic, +)
and f (fermionic, —) for which
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2._.1 —

NSO T /
1,2[34]5,6]  €[1,2][3,5][4,6]  [1,2][3,6][4,5]  ¢[1,3][2:4][5,6]
[1,3][2,5][4,6]  [1,3]2,6][4,5]  [1,4][2,3][5,6]  £[1,4][2,5][3,6]
(14][2,6][3.5]  e[1,5][2,3][4,6]  [1,5][2,4][3,6]  &[1,5][2.6][3.4]

/\ \\\

(1.6][2.3][4,5]  e[1,6][24][3,5]  [1,6][2,5][3,4]
FIG. 4. (Color online) Explicit bosonic (¢=+1) and fermionic

(e=-1) conventions for the 15 VB states on six sites.

. ) = (£ 1)len=N2, (AS)
correspond to a,=1/ V2 and a=i/ V2. These two representa-
tions, widely discussed in the literature (see, for example,
Ref. 45), originate from the fact that dimer wave functions
can be constructed out of a vacuum by applying bosonic or
fermionic operators resulting in different statistic and hence
sign conventions. In the following paragraph we will fully
choose to present these two conventions without any direct
reference to bosonic or fermionic operators, emphasizing the
fact it can be directly understood as a conventional orienta-
tion of dimers, as made explicit in Fig. 4 for six sites.

Bosonic convention on a bipartite lattice. In this conven-
tion, the set of N sites is divided into two N/2-site subsets A
and B, and dimers [i,j] are oriented such as i e A and j
e B. As a direct consequence of this orientation, arrows are
diverging from all A sites and converging to all B sites in the
overlap diagram. The contribution of each loop is thus +2
and a=1/y2.

Note that this convention can also be used on nonbipartite
lattices, provided a (arbitrary) bond orientation is specified.
However, this generally produces a sign in the overlaps that
cannot be absorbed such as in Eq. (A4).

Fermionic convention. Choosing an arbitrary numbering
of sites, we start from a reference configuration,

leoy=[1,2][3.4]--- [N~ 1,N]. (A6)
Here on a nonbipartite lattice, in the bosonic representation
of the dimers we need to specify the sign of each dimer
following some prescription. Therefore, by convention, we
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write the dimer wave function defined in Eq. (A2) such as
iy <Ji- In the expression

N/2*

H [ik’jk]’ (A7)
k=1

the symbol * means that i, <j,. Any state, Eq. (A7), can be
obtained from |¢,) by applying a unique permutation 7 act-
ing on site numbers which generically writes

1 2 N-1 N
m={. . R (A8)
b Ji " W JNe2
Then we define
Ni2¥
oy =a(m) [ liidd = o(m)m e,  (A9)
k=1
where o(7r) is the signature of the permutation ,
(i) — 7(j
ot = [ =70 (A10)

i<j 1=J

Note that the state defined in Eq. (A9) is in fact independent
of the prescription to order the individual dimers but depends
only on the ordering of the sites in the reference state given
by Eq. (A6). An explicit example of this convention (as well
as the bosonic convention) is given in Fig. 1. Let us remark
that if |¢) and |¢) denote two states deduced from the refer-
ence state given in Eq. (A6) by applying the permutations 7,
and 7, then their relative sign according to Eq. (A9) is o(),
where 7=, .

We are going to show that the convention of Eq. (A9)
indeed implies 7(¢,)=(-1)"">P-N2 in Eq. (A3). Let us
compute (<p|f’, X), where 13, is the permutation operator on
the bond [=(i,j). As presented in Fig. 2, three cases can
occur:

(a) the bond I connects two sites lying at an odd distance
on the same loop. The total number of loops of the overlap
diagram remains unchanged and a sign change occurs:

(@lPx)=~(el ).
(b) The bond [ connects two distinct loops. Two loops are

merged into a single one in the overlap diagram and no sign

change occurs: {¢|P/|x)=+1/2(¢|x).

(c) The bond [ connects two sites lying at an even distance
on the same loop. One loop is created in the overlap diagram
by slicing one loop into two and a no sign change occurs:

(el Px)=+2(e| ).

Obviously, the state 13,| x) violates the convention of Eq.
(A9) since it is deduced by applying a two-site permutation,
denoted 7, on a conventional state without being multiplied
by the factor o(7;)=—1 (note that). The corresponding con-

ventional state is thus |)=c(m)P)x) and the three cases
considered above become,

PHYSICAL REVIEW B 81, 214413 (2010)

(a) (el =(elx),
(d) () =(=1/2){¢|x),
() (el =(=2)Xelx).

The group structure of the permutations ensures that (i) the
signs of all states defined by Eq. (A9) can be consistently
generated from the reference state given by Eq. (A6) and (ii)
a change An; in the number of loops comes with a sign
change (~1)". This indeed implies 7(¢, ) =(—1)"&¥-N?2,

APPENDIX B: OPERATORS AND GENERATING
FUNCTION

In this appendix, we introduce the generating function Z.
As explained in Sec. II B 2, the Hamiltonian and overlap
operators can be expanded in powers of « as linear superpo-
sitions of dimer flipping processes @,,

Y 2n(g)y, A
H_Ea"ghgwg,
g

(Bla)

O=2 ?"¥a,. (B1b)
8

Here 2n(g) denotes the order of the graph g representing the

process. Note that @, is a shortcut notation for an implicit

summation over all the lattice of all plaquettes with the shape

g. By definition &y=1 and hy=0.

The degree dg(g) of a graph g is the number of its con-
nected parts. By definition, if @ is a connected graph then
dg(®)=1. By convention, dg(1)=0, where 1 is the identity
operator. For some examples, see Table 1.

By introducing the )A(g operators defined as

A

h A
X, =etea,, (B2)

such as ﬁMXg|#=0=hgwg and [X,] |#:0=wg, one can express H
and O as

Y Sus0
H (9MZ|ﬁ:1 , (B3a)
O=27", (B3b)
B=1
using the generating operator 7 defined as
N B - A
Z(a,Bop) = 2, "W UEWX, (B4)
g
In turn, the effective Hamiltonian,
,Ffeff = @_1/27:((;)_1/2 (BS)
is rewritten as
Heg = 270,227, (B6)
=0
B=1
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APPENDIX C: 4 AS A FUNCTION OF In Z

The purpose of this appendix is to explicit the transforma-
tion by which H given by Eq. (B6) is rewritten using only

In Z, as announced in Eq. (29) of Sec. II B 3.
We use the general result

1
é’(eF):f 1 (gF) e ds, (C1)
0

for F=In Z to express 7:{eff as

12
Hey = f 278, In 2)2°ds. (C2)
u=0J_1/2
B=1
We now use the Hadamard formula
1
¢Be = "B =B+[A,B]+ S ALAB]+ - (C3)
with A=s In Z and B=d, In 7 to rewrite Eq. (C2) as
A 12 . A
He = ( f et st)aﬂ InZ. (C4)
u=0\J_12
B=1
Other equivalent forms are
(1 .
smh(i[ln Z,)
ﬂeff = —A&,u In 2 (CS)
u=0 [In Z,
B=1
or, by expanding sinh into a Maclaurin series,
. 1 ((InZ,)> .
Hep = 20 o3y om—r (Co)

e n
=0 o 27 2p+ 1)1 K
p=1

APPENDIX D: CUMULANTS

In this appendix we derive the expression of In Z entering
in Egs. (C4)—(C6) as a B expansion of noncommutative cu-
mulants.

Let us introduce the collection of all az”(g)f(g of same
degree d,

2 E a2n(g))}g_

g such as
dg(g)=d

(D1)

21 involves all simply connected graphs, Z? all graphs of

degree 2, etc., and 50=1, Combining Egs. (B4) and (D1)
leads to

Z=, Bz (D2)
n=0

and
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oo A A n
A 1 zZ-1 ;
e[z )

» 5 (D3)
n=1

Let us call S the set of all sequences s={s;} made of strictly
positive integers s; such as the number of integers |s|=n and
2, c5;=m. Notice that considering nonvanishing integer se-
quences, the minimal value of 2;_s; for s€ S, is n and
therefore S)' is nonempty only for m =n. Moreover, Sy is the
empty set for all m. Using this notation, one can regroup all
terms with X, _.s;=m, and therefore we obtain

oL (Hw )1, (D4)

2}1
n=1 m=n Ssn’;

InZ=

which, by inverting summations, can be written in turn as

In 2= E Bméﬁm)’

(D5)
m=1
where the order-m noncommutative cumulant 2 z ) is defined
as
(1) -
& = 2 2 (H {z@,) I, (D6)
n=1 n2 seS" i=1
for m>0. By definition z(o)—l
The explicit expressions of the first £ ar
i =40,
2@ _ 0 _ Lo o
=27 -2V,
4
2(. 20 _ {A(l) A —{z D £z 2
1
2( =54 _ {A(l) s30) — 4{ @ 70 4 {Z(l R .cy!
1 1
+ E{z(z),{z(”, - 3—2{1“),{1(”,{z(”,z“)}}}- (D7)

Interestingly, these expressions of 22"” in terms of 2 can be

inverted using the fact Z=exp[In(Z)]. In the spirit of Egs.
(D3) and (D4),

ssafer)iss e

m
m=0 n=m M m!2

2 (H{z“”)

m

1 Als
—EB"E o (H{“) (D8)
n=0  m=0M- SES:In i=1
This last expression allows to identify
n
2“”—2 o (H{zﬁ%)ﬁ (DY)

Here is the explicit form of the first terms,
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20250

2(2)=2£2)+ {ZAEI),ZA(I)}

2(3):2(3)_'_ {ZEI)’ZA(Z)}_,_ _{ZAEI),{ZAEI),ZA(I)}}

1
#9240 4 S0 ) 1220 04

+—{z(2) {zg”,z“>}}+—{z A2020 20 (D10)
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APPENDIX E: DIAGRAMMATIC NOTATION

This appendix is devoted to the introduction of a lattice-
independent diagrammatic notation. Let us introduce the fol-
lowing diagrammatic notation

(® @@ =n!3™, (E1)

n

and its cumulant counterpart,

(@ @-@), =m! ™), (E2)

m

Defining, for any s={s;, ...,

tor
( m )
Es !
RV

P (E3)
m! H,,=1 5!

we rewrite Egs. (D6) and (D9) as

St € Sh, the combinatorial fac-

[s]=

m

(@ @-@)) = D (~D" '(n—1)!

S——— n=1

m
xy_ [sl{(@@-@)x...x (@ @-@)),
sesm S—— N——
21 sn (E4)
(0 @-@)
———
n
n
= > Y (@ e-e).x...x (@ e-e),),
m=1seS S—— SN——
s1 sm  (E5)
where the brackets (-) notation stands for
n . 1 n A R
[Ts: )= o [T{s:. 1. (E6)
i=1 i=1

The diagrammatic counterparts of Eqs. (D7) and (D10) are,
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respectively,

((@).) = 0![1]
(@@®),)

Il
=)
S

(e@@),)=0!3](®
2

(e0@0@),) =

(E7)

and

APPENDIX F: FUSION RULES

While the details of each fusion rule between diagrams
[see Egs. (24a)—(24c) in Sec. II B 2] is lattice specific, im-
portant and general fusion properties can be described using
the lattice-independent diagrammatic notation introduced in
Appendix E. Indeed, as shown in Appendix G, these lattice-
independent fusion rules are sufficient conditions to demon-
strate that any cumulant given by Eq. (E4) is connected,

hence proving that ﬂeff is local.
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When computing products, diagrams can fuse together by

producing all possible contractions of terms Q'_‘. between dis -
tinct blocks (@ @~®) X ... x (@ @-®). Fusions inside

blocks (@ @ ®) are not allowed.
As as an example, let us apply these rules to the products
appearing in (@ @),.) and (@ @ @),).

— —— 1
+((@) x (@ @) +((®) x (@ @)
(@ @ @) +2((@ee 9) +((@e-0),
(F2)

(@@ x (@) =(@@00)+(@e)x(e)

— [ —
+((@ @) x (@) +((® @) x (@)
(@ @ @) +2((@-0 o)) + {(@e-e-0)),
(F3)

+ (@) x (@) x (@)
= (@ @ @)) +3((@-@ @) +3((0-0-e)) + ().

(F4)
Combining Egs. (F1)—(F4) with Eq. (E7) leads to
((@).) = ((@)), (F5)
(@@),) =—((ee)), (F6)
(@@ @), =3(0-00)+2( ). F7)

APPENDIX G: LINKED CLUSTER THEOREM

In this appendix we demonstrate that the result suggested
by Egs. (88) is general: only connected diagrams contribute
0 (@ ®-®),).

The proof will be given in two steps. First, we show that
(@ @-@),) can be reexpressed as Eq. (92) by relaxing the

PHYSICAL REVIEW B 81, 214413 (2010)

constraint on internal contractions. In the second part, we use
Eq. (G2) to establish Eq. (G9) which shows that cumulants
of any given order can be re-expressed with lower-order cu-
mulants hence providing a demonstration of the above-
mentioned result by direct induction.

1. Relaxing internal contractions

The demonstration uses the key fact that internal contrac-
tions

(. @ .)

are not allowed when evaluating (@ @ @®),).

Let us relax this constraint and introduce (@ @~ ®),)*
whose definition is the same as (@ @-@®)_) but evaluated
with at least one internal contraction. Obviously, the sum

Oy = (@ ©-O),) +

m

(@ OV---O)C>* @

corresponds to a fully unrestricted evaluation where both
internal and external contractions are allowed. In that case
each term of Eq. (E4) produces the same set of terms by
contraction since all partitions become equivalent when the
distinction between internal and external contractions is sup-
pressed. Thus, the corresponding weight can be obtained by
the formal identification (@ @--@®) « 1 into equation (79) or,
according to Eq. (76), 2™ «— (1/n!) into equation (67). The
later implies Z < exp(3) and In Z « (3. This shows that
0 = ((@)) and Q) = 0 for m > 1 which leads to,

—((@ @-®@),)* ifm>1,
(@ @-@),) = ”
—— (®)) form = 1. (G2

2. Cumulant order reduction

The proof of the result will be given by mathematical
induction. We suppose the result to be true up to rank m—1.
For m>1,

(@@-@),) = ;(—1)"(71 —1)!
x Y [sl{(@ @@ x...x (@ ®-e)".
sesSm " Y (G3)

3

S1 Sn

Notice that the sum over n has been truncated up to m—1
since the n=m term contains only size-1 blocks and can ob-
viously not produce any internal contraction. This equation
can be made explicit as
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(@ @@ %...x (@ @-0@)*
N——

DI I I ZH

| gp
g1=1  gn=ly sl esen p=19p° H

. <(W.1l W.lz...vil) " (7." 7."...7'5"»’ (G4)

¥ .
where @ denotes the result of all connected contractions be-
tween -y operators @. Note that the presence of the first term

PHYSICAL REVIEW B 81, 214413 (2010)

on the rhs of Eq. (G4) takes into account that at least one
internal contraction has to be performed.

For y, e SSP with p=1,...,n and s € S; we have X7_s,
=228, and thus,

[S]H — =[{s1. -

Plngg

. ’gn}][71 U Y Yn]-

(G5)

Using Eq. (G5) and combining Eq. (G3) with Eq. (G4) leads
to

m—1 Sn
(@ @-0)) SURSIED SED SIS SID HINNED SN P
i nzl sespta1i=l  gn=lyes,! TnESGR
7 ovu oW o P A
XxMU...Um){(® 8- @)x...x (6 &~ ®)), (Go)

where summations over s have been restricted to s € Sn’”_l to ensure that at least one internal contraction occurs. Next, a simple

change of variables from 7y to w and a sum inversion gives

m—1
(@@-@),)=> (-1)"(n-1) ollul((8 ®-'8)x...x (@ 0-'®))
m—1 G
_ WS -1 Y (e 6-) (@e-'8) (G7)
G=1pesy n=1 geSg a1 gn
[
g g S Ak i (@0 =~ = ~(@e). 1
lant can be expressed as a combination of lower-order cumu-
lants, ) (@@ ®),) = —[3((®).)
(©0-0)=-3 3 (@ 8- ~[1,2((® ®).) - [2.1](® ®).)
————— G=1 pese —_— .
s S (09 = (( Q) +3((0-0-0))

The demonstration can be readily extended to the case where
the operators in the left hand side of Eq. (G8) are arbitrary

connected operators . With I'= Ep 1T

m—
T1 T2 Tm

1
2 K1 M2 pG
(@ 0-@))=—> > [u{(® o-e)),
T G=1 jear T
. . (G9)
which concludes the recursion proof.

Interestingly, using Eq. (G8), one easily recovers Eq. (F5),

(@) =((®@), (G10)

+2 x g (2(0-0-) + (X))
=3(@ee) +2(). (€12

APPENDIX H: FULLY CONNECTED DIAGRAMS

In practice the class of fully connected diagrams,

where each part @ is connected to the others plays a very
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important role when computing In Z. Indeed, they lead to the
spatially most compact and prominent terms in ﬂeff, as ex-
plained in Sec. II B 3. The aim of this appendix is to com-
pute the weight w,, of this diagram in the order-m cumulant,

m

—

(@ @-@),) = wM(i") )
N —— c

+ less connected terms. (H1)

Noticing that the way to connect two fully connected dia-
grams into a single fully connected one is unique, the recur-
sion relation for w,, is readily given by Eq. (G8),

PHYSICAL REVIEW B 81, 214413 (2010)

m—1
Wp=— 2 Wp E [M]

(H2)
p=1 Meg;f
Solving this recursive relation with w;=1 leads to
wy,= (= 1" m-1)!. (H3)

Finally, the contribution to In Z, obtained by replacing Eq.
(H3) into Eq. (D5) using Eq. (E2), is

m

—~

mz=-y “;)’"m( ) )

m=1

+ less connected terms. (H4)
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